Abstract. Local error estimates of near optimal order are derived for a finite element method for hyperbolic and convection dominated convection-diffusion equations in a domain f C R2. The method generates, in an explicit fashion, a continuous piecewise polynomial approximation of degree n _> 2 over a triangulation of 12. The scheme is shown to propagate disturbances a distance O(/log -) in the crosswind direction, where h is the meshsize. The analysis uses test functions which depend only on the crosswind variable. It is also shown to be applicable, in a parallel fashion, to the discontinuous Galerkin method, thus underscoring the close interrelationship of the two methods.
inner product relations enforced in individual triangles T: f (1.1) (or. VUh, Vh) ] (U+h U-)VhO ndT (f Vh) for all Vh e Pn(T).
ia(T)
Here Pk(T) denotes the space of polynomials of degree <_ k over T, and u; (uh +) denotes the upstream (downstream) limit of Uh on interelement boundaries, the latter parameterized by arclength T. The continuous method is similar, except that n _> 2, the interpolant of g on Fin(fl) must be continuous, and the inner product relations (1.1) the reduced number of unknowns to be solved for in the approximate solution. In the vicinity of a discontinuity, however, the additional degrees of freedom of the discontinuous Galerkin method could be potentially useful. We remark that the continuous method is also applicable over rectangular meshes (see [21] ).
The discontinuous Galerkin method was first analyzed by Lesaint and Raviart [11] , and subsequently by Johnson and Pitkiranta [9] , who established the error estimates Here and throughout the paper, C denotes a generic constant, independent of u and h, and
IIn, Irout(), and IIk,n denote the norms on L2(),L2(Fout()), and Hk(), respectively. In [8] , a methodology is given which can be used to extend (1.3) and (1.4) to a corresponding set of local error estimates, showing that crosswind propagation of the numerical solution is limited to a distance O(x/ log -). The continuous finite element method (1.2) was analyzed in [3] , where the following global bounds were derived:
(1.5) (1.6) (1. 7) In deriving these estimates, it was assumed that c. n is uniformly bounded away from zero and that Uh can be computed layer by layer (a precise characterization is given in 3) in O(h-) steps. These assumptions are retained here. ( We remark that although one can construct a mesh which violates the latter assumption, we view such a situation as anomalous.) Local versions of (1.5) , (1.6) , and (1.7), indicating the same O(vf log -) crosswind spread as for the discontinuous method, will be obtained in this paper. The existence of such local error estimates is an important attribute of a numerical method for hyperbolic equations, indicating a correspondence in domain of dependence properties of the discrete and continuous problems.
For a convection-diffusion equation dominated by convection, the standard Galerkin method typically exhibits instabilities (see, for example [4] ), and an appropriate remedy is to instead use a finite element discretization geared to the hyperbolic limit. Both the continuous and discontinuous Galerkin methods can be extended to convection-diffusion equations in ways that preserve their explicitness and yield similar global error estimates, provided the diffusion term is of strength no greater than O(h), where h is the mesh size. These extensions are given for the continuous method in [15] , [16] and for the discontinuous method in [17] . For the continuous method, the simplest option is to include the additional diffusion term in the inner product relations (1.2), otherwise implementing the method exactly as in the diffusionless limit. Alternatively, for either method, we may treat diffusion in a way analogous to the discontinuous Galerkin discretization of the convection term in (1.1), resulting in an integral over Fin(T) involving the diffusion term. These schemes will not use any boundary data given for u on Iout() since they are explicit. The resulting outflow boundary layer, whose width is of the order of the diffusion coefficient [20] , will therefore not be present in Uh. Another finite element method that can be applied to convection dominated convection-diffusion problems is the streamline diffusion method, developed by Hughes and Brooks [5] . This method is like the standard Galerkin method except that the test functions are augmented by a multiple of their streamline derivatives. The resulting discrete system is implicit, and has the same connectivity as the standard Galerkin discretization. Johnson et al. [6] , [7] , [8] have shown that for nth degree polynomials, the resulting finite element approximation Uh has O(hn+l/2) accuracy for u 6 Hn+(). They have also shown [8] that such an estimate holds locally in regions of smoothness, with crosswind numerical spread limited to a layer of width O(v/-log -). For a diffusion coefficient of size < O(h), improved estimates of crosswind spread were obtained in [10] for the case of linear approximation, in part by adding an artificial crosswind diffusion term. Pointwise error estimates were also given in [10] , with further refinements in [12] . The survey paper [4] contains additional references on the streamline diffusion method.
Our purpose in this paper is to establish local error estimates for the continuous method of Reed and Hill via an approach that is also applicable to the discontinuous Galerkin method, and which facilitates the elucidation of basic interrelationships between the two methods. In 2, we state our basic assumptions and notation, and derive some preliminary results pertaining to the weighting function to be used later in obtaining local error estimates. In 3 we give unified, parallel analyses of the discontinuous and continuous methods (1.1) and (1.2), extending work begun in [18] . We use as independent variables the characteristic and crosswind variables s and t, respectively, and apply rather simple test functions depending only on the crosswind variable t. This will lead directly to stability results, expressed in terms of this variable, on triangle boundaries. It will be seen that an important feature of both methods is the role of L 2 projections across the boundaries of type II triangles. For the continuous method, this analysis is a considerable simplification over that given in [3] . In Proof. By (2.9), it is enough to prove the result for IIVuhll + luh,outl < C(x/ luh,il + IIP-zfll). (4.8) . [3 We now combine these results to get a single stability result for a triangle of either type, which we shall be able to iterate to obtain global stability for the method. + h/:iiW.,
We shall first take ui to be the interpolant of 2. om the defining properties of this interpolant, it follows immediately from integration by parts that (5.3) ([u ui], Vh) 0 for all Vh e P-2(T). Thus, using the approximation properties (2.4), (2.5) of ui, we obtain the following error estimates for the method in the ce where the solution u is smooth. Up until this point, all our estimates apply to a general satisfying (2.6) and (2.7). We now indicate how (5.2) can be applied locally in problems where u is not globally smooth, for example, in a problem with a discontinuous initial condition. To accomplish this, we now make, for fixed t*, the specific choice For an interval I C Fin(f), let D {(s, t) e f" t e I} (see Fig. 2 ).
For fixed > 0, we define D+ (s, t) e f" rain It-t'l < ,x/-log t' 61 and nh +={T6 TD+0}.
Note that for t* e I and (s, t) 6 2 D+, e-lt-t*l/V-6 < 2_e-log(1/h) < lh-X12
We shall obtain local L2(D) error estimates for Uh, assuming u e Hn+I(D+h) and minimal regularity in f-Dh +. To get these local results, we make use of the following lemma. 
Hence, Jh (t) is uniformly positive (independent of h) for t E I, which completes the proof of (5.4). The proof of (5.5) is obtained in an analogous manner. [18] for n 2 show a somewhat more favorable crosswind spread, O(h.r). This corresponds closely to the discontinuous Galerkin method with n 1, via the parallelism of 3.
For the discontinuous Galerkin method, computational estimates of crosswind spread can be found in [13] . These results indicate a decree in crosswind spread with increing n. The desired inequality now follows on a type II triangle by choosing q and e sufficiently small.
For a type I triangle, we use (4.5), (4.7), and Lemma 6.1 to get, in place of (6.4), We have thus established a crosswind spread of O(v/log-) for the continuous method (6.1) for convection-diffusion equations with an O(h) diffusion term. The same crosswind spread was shown for the streamline diffusion method [8] and later improved, for the case of linear approximation, to O(hJ/a log -) for a hJ/2 [10] .
